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Abstract 

Let consider the partially linear model  

𝑌𝑖 = 𝑋𝑖𝑗𝛽𝑖 + 𝑓(𝑧𝑖) + 𝜀𝑖 , 1 ≤ 𝑖 ≤ 𝑛, 1 ≤ 𝑗 ≤ 𝑝   (1) 

where 𝑌𝑖’s are the observations of response variable, 𝑋𝑖𝑗’s are the values of explanatory 

variable, 𝛽𝑖’s are the regression coefficients for parametric component of the model, 

𝑓(. ) is the smooth function to be estimated, 𝑧𝑖 is a nonparametric variable and 𝜀𝑖′s are 

the identically distributed and independent random error terms with mean zero and 

constant variance.  

In this paper, we discuss the estimation problem in which the number of variable 

𝑝  is much bigger than observation number n (𝑖. 𝑒. , 𝑛 ≫ 𝑝). It is well known that high 

variance and overfitting are a major concern in this setting. As a result, simple, highly 

regularized approaches often become the methods of choice. So, we fit a partially linear 

model (1) with quadratic regularization (i.e., ridge regression [1], [2]) on the 

coefficients. Also, there are several proposed alternative methods such as partial least 

squares (PLS), least absolute shrinkage and selection operator (LASSO; [3]) and 

various improved versions of these three methods can be considered.  

In here, we estimated the model (1) with using smoothing spline estimator ([4]; 

[5]; [6]) based on ridge regression. Note also that the basic idea of paper is to reduce the 

dimension by singular value decomposition (SVD) method and to estimate components 

of the model (1).  

 To fit the model (1) to data, we can use ridge regression that shrinks the 

regression coefficients by imposing a penalty on their size. This procedure can be 

related to the idea of hints due to [7], where the parameter vector β can be obtained by 

minimizing the quadratic regularization criterion (QRC) 
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where 𝑘 ≥ 0 is the shrinkage parameter that controls the magnitude of the penalty term, 

�̃� = (𝐈 − 𝐒𝜆)𝐗, �̃� = (𝐈 − 𝐒𝝀)𝐘, where 𝐒𝜆 is a symmetric and positive definite smoothing 

matrix (see, [8]). Direct algebraic computations show that the ridge type smoothing 

spline solution of minimization problem (2)  

�̂� = (�̃�′�̃� + 𝑘𝐈)
−1

�̃�′�̃�     and     ˆ ˆ( ) ( ( ))R Rk k f = S y X     (3) 

However, (3) cannot be used directly due to high dimensional problem. To overcome 

this problem we consider ridge method based on SVD.  

Given the 𝑛 × 𝑝  data matrix , let be  

𝐗 = 𝐒𝐕𝐃𝑇 = 𝑹𝐃𝑇                 (4) 

the SVD of  𝐗 . Where 𝐃 is the 𝑝 × 𝑛  orthonormal matrix,  𝐒 is the 𝑛 × 𝑛 orthogonal 

matrix and 𝐕  is a diagonal matrix. Also, assume that 𝐑 = 𝐒𝐕 is a 𝑛 × 𝑛 matrix to make 

required calculations.   

Replacing �̃� in the (3) by 𝐑𝐃𝑇and after some further manipulations, this can be 

shown to equal 

�̂�𝑟𝑖𝑑𝑔𝑒 = 𝐃(𝐑′𝐑 + 𝑘𝐈)−1𝐑′�̃�  and   𝐟𝑟𝑖𝑑𝑔𝑒 = 𝐒𝜆(𝐘 − 𝐑𝐃T�̂�𝑟𝑖𝑑𝑔𝑒)  (5) 

 

Simulation Study 

In here, we made a short simulation study to illustrate how the estimation method works 

on high dimensional data. As we said before, purpose of our study is estimating the with 

partially linear model for high dimensional data (p > n). To realize our aim we generate 

the partially linear model as follows 

𝑌𝑖 = 𝑋𝑖𝑗𝛽𝑖 + 𝑓(𝑧𝑖) + 𝜀𝑖 , 1 ≤ 𝑖 ≤ 100, 1 ≤ 𝑗 ≤ 1000  (6) 

where 𝑋𝑖𝑗𝛽𝑖 is the parametric component of the model and it contains the high-

dimensional 𝑋 which is formed by huge number of variable. 𝜀𝑖’s are the random error 

terms generated from 𝑁(𝜇 = 0, 𝜎 = 0.1). Also here, 𝑋~𝑈[0,1].  𝑧𝑖 is the nonparametric 

variable defined by {𝑧𝑖 = (
𝑖−0,5

𝑛
) , 𝑖 = 1, … ,50} and 𝑓(. ) is the smooth function to be 

estimated given below 

𝑓(𝑧𝑖) = sin(2𝑧𝑖) + 2𝑒−16𝑧𝑖
2
 

Matrix and vector form of model (6) could be written as 

𝐘 = 𝐗𝛃 + 𝐟 + 𝛆     (7) 

This section, we estimated the function f and the coefficient vector 𝛃 with smoothing 

spline method. We made this short simulation study for only one sample size (50) and 

three different number of parameters (300, 500 and 1000) with 1000 repetition. In 

addition to that we used mean square error (MSE) as a performance measurement for 

estimated function (𝑓) and fitted values (�̂�) given as respectively 

𝑀𝑆𝐸 (𝑓(𝑧𝑖)) =
1

𝑛
∑(𝑓(𝑧𝑖) − 𝑓(𝑧𝑖))
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and 

𝑀𝑆𝐸(𝑌�̂�) =
1
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Outcomes of study are summarized with following tables and figures.  

Table 1. MSE values for estimated f and fitted values 

n p MSE(𝑓) MSE(𝑌�̂�) 

50 

300 0,00074 0,0089 

500 0,00095 0,0079 

1000 0,00160 0,0092 

 

Table 1 shows that suggested method works well on high-dimensional data. It can be 

clearly seen that, when number of parameters is low, smaller MSE values are obtained. 

Moreover, we can say that, in large number of parameters, MSE values are still 

convincing.   

For satisfaction, Figure 1 is given below which includes two panels. Left panel 

illustrates the estimation of nonparametric component of the model and right panel is 

the results of fitted values. In Figure 1, we can see that when number of parameter is 

getting higher, quality of estimation is falling in both panel as we expected. These are 

the basic results for this experiments. 

Figure 1. Plots for estimated functions and fitted values  

 

 
 

We should say that, we will extend this paper with some real data experiments such as 

time-series, censored data and so on.  

Keywords: High dimensional data, smoothing spline, ridge regression, partially linear 

models.    
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